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Throughout this paper, let R be a complete discrete valuation ring with the residue field
k and the quotient field K , and Λ an R-order in a semisimple K-algebra A [CR]. We
assume that k is a finite field with q elements. For an A-module V of finite length, we
denote by LΛ(V ) the set of full Λ-lattices in V , then LΛ(V ) := LΛ(V )/ is a finite set
by Jordan–Zassenhaus Theorem [CR]. For L,M ∈ LΛ(V ), L. Solomon [S1] studied
• a partial zeta function Z(L,M; s) :=
∑
N⊆L,NM
(L :N)−s and
• the (n× n)-matrix ZΛ(V ; s) :=
(
Z(L,M; s))
L,M∈LΛ(V )
(
n := #LΛ(V )
)
.
He proved that ZΛ(V ; s) has an inverse matrix in Mn(Z[q−s]) by a combinatorial
argument, so Z(L,M; s) is a rational function of q−s . Moreover, he gave two conjectures
about them in [S2], where the first one asserts that Z(L,M; s)/det ZΓ (V ; s) ∈ Z[q−s] for
a maximal order Γ in A, while the second one asserts that det ZΛ(V ; s) should be the finite
product
∏
i (1− qai−bi s)−1 with some ai ∈N0 and bi ∈N>0. Later, Bushnell and Reiner
developed the adelic approach for Solomon zeta functions ([BR1,BR2], etc.) and applied
them to obtain the prime ideal theorem [BR3] and the asymptotic distribution formula
of ideals [BR4] for orders. In particular Solomon’s first conjecture was proved in [BR1].
However Solomon’s second conjecture seems to be still open, although a special case when
Λ is hereditary was proved by Denert [D] (see Corollary 1.2). In this paper, by purely ring
theoretic method, we will give an explicit description of det ZΛ(V ; s) for general Λ in
Section 1.1, which implies the second conjecture.
A key idea of our proof is to consider certain filtration of the category of Λ-lattices
(Proposition 2.6) and use a reduction to smaller categories (Lemma 2.5). It was effectively
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applied to show the finiteness of representation dimension of Artin algebras in [I1] and
to give a characterization of finite Auslander–Reiten quivers of orders in [I2]. Notice
that our filtration is an analogy of preprojective partition given by Auslander and Smalo
[AS], which was related to quasi-hereditary algebras [CPS] by Dlab and Ringel [DR] (see
Remark 2.6.2).
1. Main theorem
In this paper, any module is assumed to be a left module. Let latΛ be the category
of Λ-lattices, modA (respectively, flmodΛ) the category of A-modules (respectively,
Λ-modules) of finite length, and (˜ ) := ( ) ⊗R K : latΛ→ modA the functor. Put A =∏r
j=1Aj for simple algebras Aj . Let ej be the identity of Aj , Γj a maximal overorder of
ejΛ in Aj , Γ :=∏rj=1Γj , Sj a simple Aj -module, and Gj a simple Γj -module. Then
S1, . . . , Sr (respectively, G1, . . . ,Gr ) give a complete representatives of the isomorphism
classes of simple A-modules (respectively, simple Γ -modules). Let F1, . . . ,Fk be a
complete representatives of the isomorphism classes of simple Λ-modules. For X ∈ modA
(respectively, X ∈ flmodΛ), we denote by l˜j (X) (respectively, li (X)) the multiplicity of
Sj (respectively, Fi ) as a composition factor of X. Put qj := # EndΓ (Gj )= qdimk EndΓ (Gj )
(1 j  r), then #Gj = ql˜j (A)j holds. Notice that qj is independent of a choice of Γj since
any maximal order in Aj is conjugate to Γj .
1.1. Theorem. Let Λ be an R-order in a semisimple algebra A, V ∈ modA and Vj :=
V/S
l˜j (V )
j (1 j  r). Then
det ZΛ(V ; s)=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qn−l˜j (A)sj
)−#LΛ(Snj⊕Vj )
.
1.2. We immediately obtain the following result of Denert [D].
Corollary. Let Λ be a hereditary R-order in a simple algebra A (r = 1) and V ∈ modA.
Then
det ZΛ(V ; s)=
l˜1(V )−1∏
n=0
(
1− qn−l˜1(A)s1
)−(n+k−1k−1 )
.
2. Since we will prove Theorem 1.1 inductively, we need stronger Theorem 2.3 which
is generalized in two directions. One is a change of variables in Section 2.1, and another is
a categorical generalization of ZΛ in Section 2.2. In the rest of this paper, put (L :M) :=
(L : L ∩M) · (M : L ∩ M)−1 for V ∈ modK and L,M ∈ LR(V ) for simplicity. This
symbol is skew-symmetric, and satisfies (L :M) · (M :N)= (L :N).
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2.1. Let E : latΛ→ latΛ be a functor E(X) :=∏rj=1 ejX ⊂ X˜ and zij (1  i  k,
1 j  r) indeterminates. Put zl(X)j :=
∏k
i=1 z
li(X)
ij (1 j  r) for simplicity,
ZE(L,M; z) :=
∑
N⊆L,NM
r∏
j=1
z
l(ejL/ejN)
j and Z
E
Λ(V ; z) :=
(
ZE(L,M; z))
L,M∈LΛ(V ).
By the Lemma 2.1.1(2), det ZΛ(V ; s) = det ZEΛ(V ; z) holds for zij := (#Fi)−s . In the
rest of this paper, we omit the index E for simplicity. (Notice that we will be able to prove
Theorem 1.1 by using simpler zeta ZE(L,M; s)=∑N⊆L, NM∏rj=1(ejL : ejN)−sj for
indeterminates sj (1  j  r). But we do not use it since it has no information about
composition series [BR5].)
2.1.1. Lemma. (1) There exists a map a :LΛ(V )→ Q>0 such that aL · a−1M = (E(L) :
E(M)) · (L :M)−1 for any L,M ∈ LΛ(V ).
(2) Let A be the diagonal matrix such that AL,L = a−sL for any L ∈ LΛ(V ). Then
A ·ZΛ(V ; s) ·A−1 = ZEΛ(V ; z) holds for zij := (#Fi)−s .
Proof. (1) Fix X ∈ LΛ(V ). For L ∈ LΛ(V ), put aL := (E(L) : E(X)) · (L : X)−1. We
only have to show that L  M implies aL = aM , namely (L : M) = (E(L) : E(M)).
Since (E(L) : L) = (E(M) : M) holds by L  M , we obtain (L : M) = (E(L) : M) ·
(E(L) :L)−1 = (E(L) : E(M)).
(2) Immediate from (1) and
(
E(L) : E(N))−s = r∏
j=1
(ejL : ejN)−s =
r∏
j=1
z
l(ejL/ejN)
j . ✷
2.2. In the rest of this paper, any subcategory C of latΛ is assumed to be full, closed
under isomorphisms, direct sums and direct summands. We denote by indC the set of
isomorphism classes of indecomposable objects in C . Thus the correspondence C → indC
gives a bijection from subcategories of latΛ to subsets of ind(latΛ), and the inverse is
denoted by S → addS . We denote by JlatΛ the Jacobson radical of the category latΛ,
which satisfies JlatΛ(X,Y ) = HomΛ(X,Y ) and JlatΛ(X,X) is the Jacobson radical of
EndΛ(X) for any X,Y ∈ ind(latΛ), X = Y .
We denote by LC(V ) (respectively, LC(V )) the subset of LΛ(V ) (respectively, LΛ(V ))
consisting of objects in C . Put ZC(V ; z) := (Z(L,M; z))L,M∈LC (V ). Define a functor
FC : latΛ→ latΛ by
FC(X) :=
∑
Y∈C, f∈JlatΛ(Y,X)
f (Y )⊆X.
Assume that C is a subcategory of latΛ with # indC <∞. We say that C has a right
rejective chain if there exists a chain C = Cm ⊃ Cm−1 ⊃ · · · ⊃ C0 = latΓ of subcategories
of latΛ such that indCn − indCn−1 = {Xn} and FCn (Xn) ∈ Cn−1 hold for any 0 < n m
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and Γ is a maximal overorder of Λ. It is easy to show that this definition is consistent with
that in [I1, 2.1(2)].
We will show in Proposition 2.6 that CV := add{X ∈ ind(latΛ) | X˜ ⊆ V } has a right
rejective chain for any faithful V ∈ modA. Hence Theorem 1.1 follows from Theorem 2.3
since
z
l(Gj )
j =
k∏
i=1
(#Fi)−li (Gj )s = (#Gj)−s = q−l˜j (A)sj
holds for zij := (#Fi)−s .
2.3. Theorem. Let Λ be an R-order in a semisimple algebra A, V ∈ modA, Vj :=
V/S
l˜j (V )
j (1 j  r) and C a subcategory of latΛ with a right rejective chain. Then
det ZC(V ; z)=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−#LC(Snj⊕Vj )
.
2.4. Lemma. For any N ∈ latΛ, there exists a map bN :LΛ(V )→R>0 such that
bNL ·
(
bNM
)−1 = (HomΛ(N,L) :HomΛ(N,M)) · r∏
j=1
(ejL : ejM)−l˜j (N˜)/l˜j (A)
holds for any L,M ∈ LΛ(V ).
Proof. For simplicity, put Λ(L,M) := HomΛ(L,M). Fix X ∈ LΛ(V ). For L ∈ LΛ(V ),
put bNL := (Λ(N,L) : Λ(N,X)) ·
∏r
j=1(ejL : ejX)−l˜j (N˜)/l˜j (A). We only have to show that
LM implies bNL = bNM , namely (Λ(N,L) : Λ(N,M))=
∏r
j=1(ejL : ejM)l˜j (N˜)/l˜j (A).
Assume l˜j (N)= l˜j (N ′). Since (Λ(N, ejL) : Λ(N ′, ejL))= (Λ(N, ejM) : Λ(N ′, ejM))
holds by L  M , we obtain (Λ(N, ejL) : Λ(N, ejM)) = (Λ(N ′, ejL) : Λ(N ′, ejM)).
Hence (Λ(ejΛ, ejL) : Λ(ejΛ, ejM))= (ejL : ejM) implies (Λ(N, ejL) : Λ(N, ejM))=
(ejL : ejM)l˜j (N˜)/l˜j (A). Since (Λ(N,E(L)) : Λ(N,L)) = (Λ(N,E(M)) : Λ(N,M)) holds
by LM , we obtain
(
Λ(N,L) : Λ(N,M)
) = (Λ(N,E(L)) : Λ(N,E(M)))= r∏
j=1
(
Λ(N, ejL) : Λ(N, ejM)
)
=
r∏
j=1
(ejL : ejM)l˜j (N˜)/l˜j (A). ✷
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2.5. Lemma. Let C be a subcategory of latΛ and X ∈ indC . Assume that Y := FC(X)
satisfies X  Y ∈ C , and put w := (wij ) for wij := (#Fi)l˜j (X˜)/l˜j (A)zij .
(1) For any W ∈ C and L ∈ latΛ such that X˜⊕L W˜ ,
Z(X⊕L,W ; z)−
(
r∏
j=1
z
l(ejX/ej Y )
j
)
· Z(Y ⊕L,W ; z)
=
{
bXL ·
(
bXM
)−1 · Z(L,M;w) if W X⊕M for some M,
0 otherwise.
(2) Put C ′ := add(indC − {X}). For any V ∈ modA such that X˜⊆ V ,
(1−C) ·ZC(V ; z)=
(ZC′(V ; z) ∗
O B ·ZC(V /X˜;w) · B−1
)
holds, where B and C are the matrices such that BL,L = bXL and CX⊕L,Y⊕L =∏r
j=1 z
l(ejX/ejY )
j for any L ∈ LC(V /X˜) and other entries are 0.
Proof. (1) Let L := {Z ⊆ X ⊕ L | Z  W } and pZ := (Z ⊆ X ⊕ L (
1
0)−→ X) the
composition for Z ∈ L. Put L1 := {Z ∈ L | pZ is not a split epimorphism}. Since Z ⊆
Y ⊕L holds for any Z ∈ L1, we obtain
∑
Z∈L1
r∏
j=1
z
l(ej (X⊕L)/ejZ)
j =
(
r∏
j=1
z
l(ejX/ej Y )
j
)
· Z(Y ⊕L,W ; z).
Assume L = L1. Then we can put W  X ⊕M . For any N ⊆ L such that N M ,
let iN ∈ HomΛ(N,L) be the natural inclusion and LN := {Z ∈ L − L1 | Z ∩ L = N}.
Define a map φN : HomΛ(X,L) → LN by φN(f ) :=
((1X f
0 iN
)
: X ⊕ N ⊆ X ⊕ L) for
f ∈ HomΛ(X,L). It is easily checked that φN(f ) = φN(g) holds if and only if f − g
factors through iN . Thus we obtain an injection φN : HomΛ(X,L)/HomΛ(X,N)→ LN .
Moreover, consider the following commutative diagram for any Z ∈ LN .
0 L
(0 1)
X⊕L (
1
0)
X 0
∪iN ∪(i1 i2) ‖
0 N Z
pZ
X 0.
Taking q such that qpZ = 1X, we can easily show that φN(qi2)= Z holds. Hence φN
is a bijection. Now (1) follows from
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∑
Z∈L−L1
r∏
j=1
z
l(ej (X⊕L)/ejZ)
j
=
∑
N⊆L,NM
∑
Z∈LN
r∏
j=1
z
l(ej (X⊕L)/ejZ)
j
=
∑
N⊆L,NM
(
HomΛ(X,L) :HomΛ(X,N)
) r∏
j=1
z
l(ejL/ejN)
j
2.4= bXL ·
(
bXM
)−1 · ∑
N⊆L,NM
r∏
j=1
(ejL : ejN)l˜j (X˜)/l˜j (A)zl(ejL/ejN)j
= bXL ·
(
bXM
)−1 · ∑
N⊆L,NM
r∏
j=1
k∏
i=1
(
(#Fi)l˜j (X˜)/l˜j (A)zij
)li (ejL/ejN)
= bXL ·
(
bXM
)−1 · Z(L,M;w).
(2) Immediate from (1). ✷
2.6. Proposition. Let Γ be a maximal overorder of Λ and C a subcategory of latΛ such
that # indC <∞ and C ⊇ latΓ . If FC′(L) ∈ C holds for any subcategory C ′ of C andL ∈ C ′,
then C has a right rejective chain. In particular, CV := add{X ∈ ind(latΛ) | X˜ ⊆ V } has
a right rejective chain for any faithful V ∈modA.
2.6.1. Lemma. Let C be a subcategory of latΛ such that # indC <∞ and C ⊇ latΓ . If
FC(X)X holds for any X ∈ indC − ind(latΓ ), then C = latΓ .
Proof. Put S := {X ∈ indC | FC(X) 	 X}. For any L ∈ S − ind(latΓ ), let f be the
composition of an isomorphism L→ FC(L) and the natural inclusion FC(L)→ L. Since
f is in the radical of EndΛ(L) and HomΛ(Γ,L) = HomΛ(Γ,L)f holds, we obtain
HomΛ(Γ,L) = 0 by Nakayama’s Lemma, a contradiction. Thus S ⊆ ind(latΓ ) holds.
Put M :=⊕X∈indC−S X and N := FaddS (M), which are right EndΛ(M)-modules. Since
M = FC(M) = MJ + N holds for the radical J of EndΛ(M), we obtain M = N by
Nakayama’s Lemma. Since S is closed under surjections, we obtain M ∈ addS . Thus
M = 0 and indC = S ⊆ ind(latΓ ) holds. ✷
Proof of Proposition 2.6. Assume C  latΓ . There exists X ∈ indC − ind(latΓ ) such
that FC(X)  X by Lemma 2.6.1. Put C ′ := add(indC − {X}), then FC(X) ∈ C ′ holds.
For any subcategory C ′′ of C ′ and L ∈ C ′′, X is not a direct summand of FC′′(L) (∈ C).
Hence FC′′(L) ∈ C ′ holds and C ′ satisfies the same condition. Thus we inductively obtain
the former assertion, which implies the latter one immediately. ✷
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2.6.2. Remark. Let C be a subcategory of latΛ with a right rejective chain and M :=⊕
X∈indC X. Then [I1, 2.1(2)] shows that EndΛ(M) is a quasi-hereditary order [KW]. In
particular, we obtain gl.dim EndΛ(M) <∞, which was crucial in [I1].
Proof of Theorem 2.3. (i) Assume that det ZC(V /X˜; z) has the desired form. Evaluating
w in Lemma 2.5, we obtain
det ZC(V /X˜;w) =
r∏
j=1
l˜j (V /X˜)−1∏
n=0
(
1− qnj
k∏
i=1
(
(#Fi)l˜j (X˜)/l˜j (A)zij
)li (Gj ))−#LC(Snj⊕(V /X˜)j )
=
r∏
j=1
l˜j (V /X˜)−1∏
n=0
(
1− qnj (#Gj)l˜j (X˜)/l˜j (A)zl(Gj )j
)−#LC(Snj⊕(V /X˜)j )
=
r∏
j=1
l˜j (V /X˜)−1∏
n=0
(
1− qn+l˜j (X˜)j z
l(Gj )
j
)−#LC(Snj⊕(V /X˜)j )
.
(ii) We will show Theorem 2.3 for C := latΓ by induction on the length of V . Since
#LC(V )= 1 holds for any V ∈ modA, we only have to show
det ZC(V ; z)=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−1
.
Take r ′ (1  r ′  r) and X ∈ ind(latΓ ) such that l˜r ′(V ) = 0 and X˜ = Sr ′ . We apply
Lemma 2.5(2), where 1−C = 1− zl(Gr′ )
r ′ and LC′(V )= ∅ holds.
det ZC(V ; z) 2.5(2)= det
((
1− zl(Gr′ )
r ′
)−1 · B ·ZC(V/X˜;w) · B−1)
(i)=
(
1− zl(Gr′ )
r ′
)−1 · r∏
j=1
l˜j (V /X˜)−1∏
n=0
(
1− qn+l˜j (X˜)j z
l(Gj )
j
)−1
=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−1
.
Thus det ZC(V ; z) also has the desired form.
(iii) Take a right rejective chain C = Cm ⊃ Cm−1 ⊃ · · · ⊃ C0 = latΓ in Section 2.2.
We assume that Theorem 2.3 holds for C ′ := Cm−1. We will show Theorem 2.3 for C by
induction on the length of V . We apply Lemma 2.5(2) for X :=Xm, where det(1−C)= 1
holds by X  FC(X)= Y .
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det ZC(V ; z) 2.5(2)= det ZC′(V ; z) · det ZC
(
V/X˜;w)
(i)=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−#LC′ (Snj⊕Vj )
×
r∏
j=1
l˜j (V /X˜)−1∏
n=0
(
1− qn+l˜j (X˜)j z
l(Gj )
j
)−#LC(Snj⊕(V /X˜)j )
=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−(#LC′ (Snj⊕Vj )+#LC(Sn−l˜j (X˜)j ⊕(V /X˜)j ))
=
r∏
j=1
l˜j (V )−1∏
n=0
(
1− qnj zl(Gj )j
)−#LC(Snj⊕Vj )
.
Thus det ZC(V ; z) also has the desired form. ✷
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